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Abstract-A numerical model is developed for the current 
distribution in a high temperature superconducting (HTS) tape 
' subjected to a combination of a transport current and an applied 
magnetic field. This analysis is based on a two-dimensional 
formulation of Maxwell's equations in terms of an integral 
equation for the current density J .  The finite thickness of the 
conductor and an arbitrary voltage-current relation (e.g. n-power 
relation, magnetic field dependency) for the conductor are 
included in the model. Another important feature is that the 
model also covers an applied magnetic field in arbitrary 
directions and a rotating field perpendicular to the conductor, 
which is of great interest for analyzing the AC loss of HTS 
(transformer) coils or three-phase electric power cables. A 
comparison is made with transport current loss measurements on 
an HTS tape with an AC applied field. 
I. INTRODUCTION 
In AC applications of superconductors such as transformer 
coils and power cables, superconductors carry an alternating 
transport current and experience an alternating magnetic field. 
Experimental [ 11 [2] and numerical [3]-[5] approaches 
considers the AC loss for this combined case. A numerical 
approach is essential to explain and understand the 
experimental results and to be utilized in a practical design. 
The following items should be taken into account in a 
numerical analysis to obtain the AC loss accurately; (i) an 
arbitrary shape for the conductor such as rectangular or ellipse, 
(ii) a non-linear voltage-current relation and (iii) the magnetic 
field dependency of the critical current density J ,  and the 
n-value. One well-developed analysis is the finite element 
method to solve a set of Maxwell equations [3]. Another 
sophisticated method is used by Brandt for magnetic relaxation 
analysis [6] .  This model is expanded to the transport current 
case [7], and the combined case of applied magnetic field and 
transport current including the magnetic field dependency of 
voltage-current relation [ 5 ] .  However, in most practical cases, 
an applied field to the conductor has an arbitrary angle, which 
effects voltage-current relation and hence the AC loss. This 
paper focuses on the current distribution and the AC loss for the 
combined case of a transport current and an applied field with 
an arbitrary angle. The Numerical results are compared to 
recent experimental results. 
11. A COMBINATION OF TRANSPORT CURRENT 
AND APPLIED FIELD 
The general mechanism for the AC loss in the combined 
case is explained by using a slab conductor with the critical 
state model. Applied field is assumed to be parallel to the slab 
surfaces in phase with the transport current. The magnetic field 
pattern in the slab conductor is shown in Fig. 1, at the time when 
both the transport current and the applied field decrease from 
the positive peak to the negative peak. The self field Bsf has the 
same sign as the applied field B, at the right side of the slab, and 
is opposite at the left. Two types of field profiles can be 
considered; (a) a smaller field B,,, c Bp and (b) a larger field 
B , ,  > Bp, where B , ,  is the applied field amplitude and Bp is the 
penetration field. For case (a), the field profiles at both sides 
do not interfere with each other and the generated AC loss has 
only a hysteretic nature. The second case (b) is more 
complicated and of higher interest for practical cases. During 
this half cycle, the electrical center line once shifts towards the 
other side and moves towards the initial position, which is 
described by the dashed line in the figure. Therefore AC loss 
possesses not only hysteretic nature but has also a dynamic 
resistive nature [8]. AC loss for this case can be expressed 
analytically for a slab conductor [9]. More realistic mode on an 
HTS conductor can be analyzed with a numerical approach. 
Electrical center line m e  
Fig. 1 The field profile in a slab conductor when both the applied field and the 
self field change from the positive peak to the negative peak; (a) small field 
< Bp and (b) large field Bu,m > Bp 
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111. NUMERICAL MODELING 
A. Basic equation 
The numerical model is described in detail earlier [5] [7] and 
only shortly described here. The geometry of the conductor 
carrying a transport current with an applied magnetic field is 
shown in Fig. 2. The analysis considers a filament region inside 
an HTS conductor cross-section, which is assumed as a 
monoblock conductor; no-twisting and z-invariant. The 
transport and magnetization currents in the conductor flow in 
the z-direction. The numerical analysis is based on a 
formulation of the Maxwell's equations in terms of an integral 
equation for the current density J. The equation for the motion 
J(r,t) at a point r=(x,y) is written in the following form; 
= p0 /2n IC ln(lr - r'l/ r o ) j ( r )  d 2 r  
E ( J ( ~ ' , ~ I ) +  A,(r ' , t )+Vz#e,yl( t> 
4 .  (1) 
The integration extends over the conductor cross section C. 
The term ln(lr-r 'l/ro)/2z is the integral kernel with an 
arbitrary constant ro. The integral kernel contains the 
geometrical information of the conductor and connects a field 
point r and a source point r' . E is an electrical field described 
with the n-power law E=E,(J/J,)", A, is a vector potential 
caused by an applied field. V,#,, represents an electrical field 
caused by a transport current source including an inductive 
term that is determined by the value of ro. The electrical field 
Vz#exl is uniform over the cross section. The equation for the 
alternate transport current Zlr is made with; 
Z l r ( t ) =  I , s i n w t = j c J ( r ) d 2 r  , (2) 
where I ,  is the field magnitude and w is the angular frequency. 
The equations (1) and (2) are solved simultaneously for the 
unknown time-dependent variables of J(r) and Vz#exl  .
The vector potential A, is defined by; 
= -xBm,y s i n ( a  + ql> + YBm,x sin(wt + &72) , (3) 
where Bmx and B,, are x and y components of the applied field 
magnitude, q1 and q z  are the phase difference with respect to 
the transport current. The two components of the applied field 
magnitude are related to the angle a; 
Bm,y = B, COSQ, Bm,x = B, s ina  . (4) 
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Fig.2 The numerical model 
In most cases in this paper, the applied field is uni-directional 
and in phase with the transport current, that is, ql = q~ =O. 
It is also possible to model a rotating field by using different 
values of q1 and q ~ .  
Once the current distribution is obtained, the total AC loss, 
the transport current loss and the magnetization loss are 
obtained from the integration of the product of the electric field 
and the current density over the conductor cross section and 
one cycle [5].  
B. J,-(B, a) relation and n-(B, a) relation 
One of the important factors in the analysis is the magnetic 
field dependency of voltage-current relation for the conductors. 
The critical current density is influenced by the magnitude and 
the direction of the magnetic field; 
( 5 )  
Also the n-value is a function of B and a; 
(6) 
These relations are generally complicated, however, it is 
suggested earlier [ 101 that it is possible to describe them with 
good accuracy as the followings ; 
(7) 
wherefla) is a correction function. Without mis-alignment of 
grains in filaments, fla) will be equal to cos(a) . In practical 
cases, a modifying term is necessary in the range around the 
angle of 90 degree. The J,(B, a) and n(B, a) relations used in 
the analysis are experimentally measured and fitted to these 
equations. In each numerical time step, the magnitude and the 
angle of the magnetic field in each descretized point inside the 
conductor is calculated by Biot-Savart's law. The field 
magnitude and angle dependence of J ,  and n-value is then 
applied in the analysis.. 
J ,  = J , ( B )  = J , ( B , a ) .  
n = n(B)  = n ( B , a )  . 
J , ( B , a )  = J , ( B . f ( a ) ,  01, n ( B , a )  = n ( B . f ( a ) ,  01, 
Iv. RESULTS AND DISCUSSIONS 
A. Calculated Current distributions 
The properties of the HTS tape in the numerical analysis are 
matched to a commercially available conductor in order to 
enable a comparison with experimental results [2]. The 
specifications of the HTS tape are shown in table I. All the 
numerical results described here are obtained with an operating 
frequency of 35 Hz for the in-phase transport current and the 
applied magnetic field. 
The current density profiles are calculated for three cases; 
(a) transport current without applied field, (b) applied field 
with the angle 60 degree without transport current and 
TABLE I 
SPECIFICATIONS OF THE TAPE CONDUCTOR 
Material (Bi,Pb)zSr2CazCu30y/Ag 
2.90 [mm] x 0.20 [mml 
2.57 [mm] x 0.15 [mml 
23.2 [A] 
Reference [lo] 
Dimension of the tape 
Dimension of filament region 
Critical current (10.~ V/m) at OT 
Jc(B,a) and n(B,a) relation 
n-value at OT 19.4 
199 
0 
.OB 
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Fig. 3 The current distribution inside an HTS conductor when the 
transport current and the applied field are at the positive peak of 9.8A 
and 12.8mT respectively; (a) transport current only, (b) applied field 
only (a=60 degree), and (c) combined case. 
(c) combination of the both in phase are shown in Fig. 3. All 
these profiles are calculated at the time when the transport 
current and the applied field are at the positive peak values. For 
the transport current case (a), the current density saturates at 
the edges with the conductor center carrying no current. For 
the applied field case (b), due to the complete penetration, the 
current density over the entire cross section of the conductor is 
saturated with a positive value at one side and a negative value 
at the other side. The oblique angle of the electric center line is 
clearly visible. For the combined case (c), a shift of the electric 
center line is observed due to the net transport current. The 
influence of the J,-B dependence can be seen in the profiles (b) 
and (c). At the edges the current density saturates at a lower 
value than that around the electrical center where the magnetic 
field is smaller due to shielding. 
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Fig.4 The transport current loss obtained from the analysis as a function 
of the angle of the applied field. The experimental data for the transport 
current loss are also plotted. The dashed lines show the geometry effect. 
figure. The experimental procedure is described in detail in 
another paper [ 2 ] .  The numerical results are in good agreement 
with the experimental results. The transport Current loss is 
strongly dependent on the angle of the applied field. 
Qualitatively, the angel effect includes two factors. One factor 
is the geometry; the more field inclines, the less the field 
affects on the AC loss. The other is the voltage-current 
relation influenced by the angle. The first factor is dominated 
by the approximate term \cos a( + (b/a)lsin a( , where b/u is the 
aspect ratio of the conductor (thickness/width). This effect is 
shown in Fig.4 as the dashed lines for two transport current 
parameters. This approximation to estimate the AC loss is in 
good agreement in lower angle, up to 40-50 degree. However, 
the second factor, the angle dependency of voltage-current 
relation, influences the AC loss near 90 degree. The critical 
current density has a higher value around this angle, which 
reduces the transport current loss. 
The field angle dependency of the AC loss is especially 
remarkable around 90 degree. If the component perpendicular 
to the conductor dominates, then the angle dependency is not so 
significant and only one case of perpendicular field (0 degree) 
is sufficient for reasonable estimate of the loss in a practical 
case. However, naturally one should diminish the 
perpendicular component as much as possible by 
rearrangement of the conductor or additional electro-magnetic 
substance in a practical design. Especially around the angle of 
90 degree, the angle dependency is crucially important to 
estimate the AC loss. 
The AC loss as a function of the transport current amplitude 
is shown in Fig, 5. For a small current, the transport current 
loss is nearly proportional to 1’. This resistive behavior can be 
explained by the transport current loss contribution to the 
explained in section 11. For a higher current, the proportionality 
changes to zj-p, which indicates an intrinsic loss of the 
B. AC loss analysis compared with experimental results 
The transport current loss as a function of applied field angle is 
and that there is a ’ m e t r y  at this These data are 
compared with the experimental data that are also plotted in the 
shown in Fig. 4’ Note that the figure is drawn to 90 degree, magnetization loss, including the dynamic resistance loss as 
800 
10“ 
10‘ 
___.__.....__..._..... ~ ~ ~ e g  __................_._ - __. ._. 
........... .. . .. . . .. ._ .. ... .. . .. . .. . . . . . . 
, , 
a 
Bm=12.8mT / 
- - -- - Cal. for magnetization loss 
1 10 
Amplitude of Transport Current, A 
Fig.5 The AC loss obtained from the analysis as a function of the 
magnitude of transport current. 
transport current and also flux flow loss. The dashed line 
represents the magnetization loss obtained from the analysis, 
which is almost independent of the transport current. The 
magnetization loss and hence the total AC loss depend strongly 
on the angle of the applied field. In the higher current regime, it 
can be seen that the both contributions of the transport current 
and the magnetization determine the total AC loss. 
C. Rotating field case 
Finally, the case of a rotating field is shortly described. In a 
practical case as a 3-phase apparatus and a rotating machinery, 
the magnetic field may have a complicated time-dependence, 
however only one simple case is dealt with here. In equation 
(3), the parameters of q l = O  and q z =  n/2 are used, resulting in a 
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Fig.6 Total AC loss as a function of angle for a rotating and a 
uni-directional field cases. 
an applied field pointing nearly parallel to the tape wide 
surface, which is crucially important for the estimation of the 
AC loss in a practical design. 
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A for the current density distribution for the 
combined case of transport current and applied magnetic field 
is described. The applied field with an arbitrary angle is 
considered here because it is the most relevant case with 
respect to a practical application. The model covers the finite 
thickness Of the conductor and an arbitrary VOltage-Current 
characteristics including J,(B, a) and n(B, a) relation. The 
numerical results are with experimental results and a 
good agreement is observed for the transport current loss that 
is influenced by an alternating applied magnetic field. The 
angle dependency of the AC loss is significant, especially for 
